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Abstract
We prove weighted norm inequalities for pseudodifferential operators with amplitudes which are only
measurable in the spatial variables. The result is sharp, even for smooth amplitudes. Nevertheless, in the case
when the amplitude contains the oscillatory factor ξ → ei|ξ |1−ρ , the result can be substantially improved.
We extend the Lp-boundedness of pseudo-pseudodifferential operators to certain weights. End-point results
are obtained when the amplitude is either smooth or satisfies a homogeneity condition in the frequency vari-
able. Our weighted norm inequalities also yield the boundedness of commutators of these pseudodifferential
operators with functions of bounded mean oscillation.
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Weighted norm inequalities have a long history in harmonic analysis and partial differential
equations. Since the introduction of Ap weights by B. Muckenhoupt [21] (see Definition 2.4),
there has been a large amount of activity establishing weighted Lp estimates with weights be-
longing to Ap . Such estimates have concerned singular integral operators of Calderón–Zygmund
type, strongly singular integral operators (or singular integrals of Hirschman–Wainger type),
maximal functions, standard pseudodifferential operators, and mildly regular pseudodifferential
operators. However, there are still some gaps in the knowledge of weighted norm inequalities
for pseudodifferential operators, and the aim of this paper is to fill in some of these. We do this
first in the context of symbols introduced by C.E. Kenig and W. Staubach in [18] which are only
measurable in the spatial variable. Our methods also extend to amplitudes and we obtain some
sharp results in this direction. Most of these weighted boundedness results are new even in the
smooth case. However, in the smooth case we can go on to consider end-point cases by using an
interpolation technique. The results of this paper extend the applications derived in [18] and as a
separate application we prove new boundedness results for the commutators of pseudodifferential
operators with functions of bounded mean oscillation (written BMO, see Definition 4.1).
Recall that for a function u ∈ C∞0 (Rn) a pseudodifferential operator is an operator given
formally by
Tau(x) := 1
(2π)n
∫
Rn
∫
Rn
a(x, y, ξ)ei〈x−y,ξ〉u(y)dy dξ, (1.1)
whose amplitude (x, y, ξ) → a(x, y, ξ) is assumed to satisfy certain growth conditions. The
most common class of amplitudes are those introduced by L. Hörmander in [15] and we refer
the reader to Definitions 2.1–2.3 below for the specific amplitudes we will consider here and the
standard notation we will use.
By the weighted boundedness of a pseudodifferential operator Ta or a weighted norm inequal-
ity for a pseudodifferential operator we mean the existence of an estimate of the form
‖Tau‖Lpw  C‖u‖Lpw , (1.2)
for some weight w and 1 p ∞. As usual Lpw denotes the weighted Lp space with weight w:
‖u‖Lpw =
( ∫
Rn
∣∣u(x)∣∣pw(x)dx) 1p .
All our results will concern w ∈ Aq (see Definition 2.4) for some q which may not always be
equal to p.
In the remainder of this section we summarize the results to follow. Section 2 sets out some
definitions, fixes some notation and records some well-known results we will need later. In Sec-
tion 3 our first main result is Theorem 3.3. It is a pointwise bound of operators in OPL∞Smρ by a
maximal function and corresponds to the Lp-boundedness of OPL∞Smρ in the region C ∪ D of
Fig. 1 obtained in [18]. Such an estimate immediately leads to weighted boundedness results of
the form (1.2).
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In Theorem 3.4 we go on to consider symbols of the form (x, ξ) → ei|ξ |1−ρ σ (x, ξ), with
σ ∈ L∞Sm1 and m < n(ρ − 1)/2. We build on the methods developed by S. Chanillo and
A. Torchinsky [7] to prove that operators corresponding to these symbols can be bounded
pointwise by certain maximal functions and consequently are bounded on Lpw for w ∈ Ap and
1 < p < ∞. This estimate is obtained when m < n(ρ − 1)/2 and corresponds to the region
B ∪ C ∪ D of Fig. 1. In Corollary 3.8 we observe the result can be generalized to amplitudes
(x, y, ξ) → ei|ξ |1−ρ σ (x, y, ξ), with σ ∈ L∞Am1 . In the case of symbols of the aforementioned
form, if we make the additional assumption that the symbol is homogeneous in the ξ variables,
we can extend the weighted boundedness result to the end-point value m = n(ρ − 1)/2. This is
formulated as Theorem 3.6. These results are particularly interesting in connection to weighted
norm inequalities for maximal functions associated to strongly singular integrals. In the case of
ρ = 1, Theorem 3.6 yields the weighted version of an Lp-boundedness result due to R. Coifman
and Y. Meyer [10].
The weighted boundedness of operators corresponding to symbols can be used to prove point-
wise bounds by a maximal function for operators corresponding to amplitudes. This idea is first
used to prove Theorem 3.7, where weighted boundedness results are shown for OPL∞Amρ in
region D of Fig. 1. This is shown to be sharp. The amplitudes, and in particular the rough am-
plitudes, considered here are interesting because of the connection to the Weyl quantization of
rough symbols, and the potential applications of the latter in semiclassical microlocal analysis.
The Weyl quantization is when the amplitude takes the form (x, y, ξ) → a((x + y)/2, ξ).
We can then use a fairly general method of interpolation, based on complex interpolation,
to obtain end-point results for smooth amplitudes. The idea is to use properties of Ap-weights
to enable us to interpolate between the weighted boundedness for values of m less than the
end-point and the unweighted boundedness which is known for values of m greater than the end-
point. An example of this is Theorem 3.10, where we show weighted boundedness for operators
in OPAn(ρ−1)ρ,δ with 0 < ρ  1 and 0 δ < 1. The interpolation technique can also, for example,
be used to prove weighted boundedness results for smooth symbols in the region A∪B ∪C ∪D
of Fig. 1 when δ < ρ (see Theorem 3.11).
In Section 4 we use the weighted norm inequalities to prove a variety of boundedness results
for the commutators of pseudodifferential operators with BMO functions. When we have the
L
p
w-boundedness of pseudodifferential operators for all weights w ∈ Ap , we are actually able
to show weighted boundedness of k-th commutators as a direct consequence of a general result
due to J. Álvarez, R.J. Bagby, D.S. Kurtz and C. Pérez [1], see Section 4 for the definition of
these commutators. For these results see Theorem 4.5. However, in Theorem 4.4, we also obtain
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the original operator for w in a much smaller class of weights.
Theorems 4.4 and 4.5 extend the Lp boundedness of BMO commutators with OPS01,0 due to
R. Coifman, R. Rochberg and G. Weiss [11], and the Lp boundedness of commutators of bmo
functions with rough pseudodifferential operators arising from homogeneous symbols of order
zero (the symbol class L∞S0cl), proved by F. Chiarenza, M. Frasca and P. Longo [8]. The space
of bmo functions is a localized version of the class BMO. To our knowledge, there are no results
in the existing literature concerning the boundedness of BMO commutators of operators with
rough amplitudes, even in the case of the Weyl quantization.
We would like to thank Andrew Hassell for prompting us to consider the problem of weighted
norm inequalities for pseudodifferential operators arising from amplitudes.
2. Definitions, notation and preliminaries
First we introduce a standard Littlewood–Paley partition of unity {ϕk}k0. Let ϕ0 : Rn → R be
a smooth radial function which is equal to one on the unit ball centred at the origin and supported
on its concentric double. Set ϕ(ξ) = ϕ0(ξ)− ϕ0(2ξ) and ϕk(ξ) = ϕ(2−kξ). Then
ϕ0(ξ)+
∞∑
k=1
ϕk(ξ) = 1 for all ξ ∈ R,
and supp(ϕk) ⊂ {ξ | 2k−1  |ξ |  2k+1} for k  1. One also has, for all multi-indices α and
N  0,
∣∣∂αξ ϕ0(ξ)∣∣ cα,N 〈ξ 〉−N,
where 〈ξ 〉 := (1 + |ξ |2) 12 , and
∣∣∂αξ ϕk(ξ)∣∣ cα2−k|α| for some cα > 0 and all k  1. (2.1)
We now fix some common notation and terminology.
Definition 2.1. A function a : Rn ×Rn ×Rn → Rn is called an amplitude when it belongs to any
one of the following sets. Let m ∈ R, ρ ∈ [0,1] and δ ∈ [0,1].
(a) We say a ∈ Amρ,δ when for each triple of multi-indices α, β and γ there exists a constant
Cα,β,γ such that
∣∣∂αξ ∂βx ∂γy a(x, y, ξ)∣∣ Cα,β,γ 〈ξ 〉m−ρ|α|+δ|β+γ |.
(b) We say a ∈ L∞Amρ when for each multi-index α there exists a constant Cα such that
∥∥∂αξ a(·,·, ξ)∥∥L∞(Rn×Rn)  Cα〈ξ 〉m−ρ|α|.
Therefore, here we are only assuming measurability in the (x, y)-variables.
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by (1.1), although it is not clear that the integral in (1.1) is well-defined. This can be made
rigorous by considering the partial sums of the Littlewood–Paley pieces as follows. We define
ak = aϕk . The integral in (1.1) converges absolutely when a is replaced with ak , so in this way
we obtain a family of operators {Tak }k . The methods of proof we use will show in each case that
the partial sums
N∑
k=0
Tak
converge in operator norm as N → ∞. Consequently, we obtain our desired operator as Ta :=
limN→∞
∑N
k=0 Tak .
An important special case of these operators is when there is no dependency on the y-variable.
It is convenient to have a slightly different terminology in this case.
Definition 2.2. A function a : Rn × Rn → Rn is called a symbol when it belongs to any one of
the following sets. Let m ∈ R, ρ ∈ [0,1] and δ ∈ [0,1].
(a) We say a ∈ Smρ,δ when for each pair of multi-indices α and β there exists a constant Cα,β
such that
∣∣∂αξ ∂βx a(x, ξ)∣∣ Cα,β〈ξ 〉m−ρ|α|+δ|β|.
(b) We say a ∈ L∞Smρ when for each multi-index α there exists a constant Cα such that
∥∥∂αξ a(·, ξ)∥∥L∞  Cα〈ξ 〉m−ρ|α|.
Therefore, here we are only assuming measurability in the x-variable.
Obviously, we have Smρ,δ ⊂ Amρ,δ , L∞Smρ ⊂ L∞Amρ , Smρ,δ ⊂ L∞Smρ and Amρ,δ ⊂ L∞Amρ . The
amplitudes of (a) in both Definitions 2.1 and 2.2 were first introduced in [14,15]. If the amplitude
is smooth and δ < ρ, then operators arising from amplitudes in Amρ,δ can be rewritten as a sum
of operators arising from symbols in Smρ,δ , see, for example, [23]. However, if δ  ρ, then the
boundedness results are known to be different [15,19], as we will see played out in this paper.
The symbols of (b) in Definition 2.2 were introduced in [18], and Definition 2.2(b) is the natural
generalization of this to amplitudes. They are, for example, much rougher than those considered
by S. Nishigaki [22] and K. Yabuta [25] in their investigations of weighted norm inequalities for
pseudodifferential operators.
Definition 2.3. Given a class X of symbols or amplitudes, operators which arise from elements
in X are denoted by OPX, that is, we say T ∈ OPX when there exists a ∈ X such that T = Ta ,
defined as in (1.1).
When the amplitude of an operator is only measurable in the spatial variables, that is
the operator belongs to OPL∞Smρ or OPL∞Amρ , then following [18], we say it is a pseudo-
pseudodifferential operator. It is well known that for standard pseudodifferential operators
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—this is called the pseudo-local property. Singularities in the Schwartz kernel of pseudo-
pseudodifferential operators will in general go beyond the diagonal, so they do not have the
pseudo-local property.
Given u ∈ Lploc, the Lp maximal function Mp(u) is defined by
Mp(u)(x) = sup
Bx
(
1
|B|
∫
B
∣∣u(y)∣∣p dy) 1p (2.2)
where the supremum is taken over balls B in Rn containing x. Clearly then, the Hardy–
Littlewood maximal function is given by
M(u) := M1(u).
An immediate consequence of Hölder’s inequality is that M(u)(x) Mp(u)(x) for p  1. We
shall use the notation
uB := 1|B|
∫
B
∣∣u(y)∣∣dy
for the average of the function u over B . One can then define the class of Muckenhoupt Ap
weights as follows.
Definition 2.4. Let w ∈ L1loc be a positive function. One says that w ∈ A1 if there exists a constant
C > 0 such that
Mw(x) Cw(x), for almost all x ∈ Rn. (2.3)
One says that w ∈ Ap for p ∈ (1,∞) if
sup
B balls in Rn
wB
(
w
− 1
p−1
)p−1
B
< ∞. (2.4)
The Ap constants of a weight w ∈ Ap are defined by
[w]A1 := sup
B balls in Rn
wB
∥∥w−1∥∥
L∞(B) (2.5)
and
[w]Ap := sup
B balls in Rn
wB
(
w
− 1
p−1
)p−1
B
. (2.6)
The following results are well known and can be found in, for example, [17,23].
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on p and [w]Ap , such that w ∈ Aq . There exists ε > 0, which depends only on p and [w]Ap , such
that w1+ε ∈ Ap .
Theorem 2.6. For 1 < q < ∞, the Hardy–Littlewood maximal operator is bounded on Lqw if and
only if w ∈ Aq . Consequently, for 1 p < ∞, Mp is bounded on Lpw if and only if w ∈ Aq/p .
Theorem 2.7. Suppose that φ : Rn → R is integrable non-increasing and radial. Then, for u ∈
L1, we have ∫
φ(y)u(x − y)dy  ‖φ‖L1M(u)(x)
for all x ∈ Rn.
It is useful to record here results of J. Álvarez and J. Hounie [2], see also [15] and [16]. These
will be used in Section 3.
Theorem 2.8. Let 1 < q < ∞, 0 < ρ  1, 0 δ < 1 and suppose either:
(a) a ∈ Amρ,δ and m n(ρ − 1)| 1q − 12 | + min{0, n(ρ − δ)}; or
(b) a ∈ Smρ,δ and m n(ρ − 1)| 1q − 12 | + min{0, n(ρ − δ)/2}.
Then Ta is bounded on Lq .
Part (a) is a consequence of remark (d) on page 11 of [2], together with straightforward adjust-
ments of Theorem 2.2, Lemma 3.1 and Theorem 3.4 therein to the case of amplitudes. Part (b) is
explicitly stated in [2] as Theorem 3.4 on page 13.
As is common practice, we will denote constants which can be determined by know param-
eters in a given situation, but whose value is not crucial to the problem at hand, by C. Such
parameters in this paper would be, for example, m, ρ, δ, p, n, [w]Ap , and the constants Cα,β,γ ,
Cα,β and Cα in Definitions 2.1 and 2.2. The value of C may differ from line to line, but in each
instance could be estimated if necessary. We sometimes write a  b as shorthand for a  Cb.
3. Pseudodifferential operators and their weighted Lp boundedness
The first fairly simple lemma yields a classical kernel estimate, which in particular implies
the rapid decrease off the diagonal of the Schwartz kernel of pseudodifferential operators with
certain amplitudes.
Lemma 3.1. Let a ∈ L∞Amρ with m ∈ R and ρ ∈ [0,1]. Let ak(x, y, ξ) = a(x, y, ξ)ϕk(ξ), for
k  0 with ϕk as in the above Littlewood–Paley decomposition. Then, for each l  0,
|z|l
∣∣∣∣
∫
ak(x, y, ξ)e
i〈z,ξ〉 dξ
∣∣∣∣ 2k(n+m−ρl),
for all x, y, z ∈ Rn.
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∣∣∂αξ ak(x, ξ)∣∣ cα2k(m−ρ|α|), for some cα > 0 and k = 1,2, . . . , (3.1)
where we have also used the assumption ρ  1. First suppose l is an integer. For a multi-index α
with |α| = l, integration by parts then yields
∣∣∣∣zα
∫
ak(x, y, ξ)e
i〈z,ξ〉 dξ
∣∣∣∣=
∣∣∣∣
∫
ak(x, y, ξ)∂
α
ξ
(
ei〈z,ξ〉
)
dξ
∣∣∣∣
=
∣∣∣∣
∫
∂αξ ak(x, y, ξ)e
i〈z,ξ〉 dξ
∣∣∣∣ 2k(n+m−ρl).
Summing over all α with |α| = l proves this special case of the lemma. The general result of
non-integer values of l follows by interpolation of the inequality for k and k + 1, where k < l <
k + 1. 
The kernel of operators of the form (1.1) is K(x,x−y) = 1
(2π)n
∫
a(x, y, ξ)ei〈x−y,ξ〉 dξ . From
Lemma 3.1 it is easy to conclude
∣∣K(x,x − y)∣∣ |x − y|−N for N > 0, |x − y| 1, (3.2)
provided either ρ > 0 and m ∈ R, or ρ = 0 and m< −n.
It was shown in [18] that under certain conditions on the order m pseudo-pseudodifferential
operators are bounded on Lp spaces. We record that result here.
Theorem 3.2. Fix p ∈ [1,2] and let a ∈ L∞Smρ with 0 ρ  1 and m< np (ρ − 1). Then Ta is a
bounded operator on Lq for each q  p.
Now, our goal is to show that under the same assumptions, OPL∞Smρ are also bounded on
weighted Lp spaces. More precisely, we prove the following theorem. The proof uses a similar
method to [18].
Theorem 3.3. Fix p ∈ [1,2] and let a ∈ L∞Smρ with 0 ρ  1 and m < np (ρ − 1). Then there
exists a constant C, depending only on n, p, m, ρ and a finite number of the constants Cα in
Definition 2.1, such that
∣∣Ta(u)(x)∣∣ CMpu(x),
for all x ∈ Rn. Consequently, Ta is a bounded operator on Lqw for each q > p and w ∈ Aq/p .
Proof. The Lqw-boundedness follows immediately from the pointwise estimate, by Theorem 2.6.
To prove the pointwise estimate we use the Littlewood–Paley partition of unity introduced in
Section 2, we decompose the symbol as
a(x, ξ) = a0(x, ξ)+
∞∑
ak(x, ξ)k=1
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First we consider the operator Ta0 . We have
Ta0(u)(x) =
1
(2π)n
∫ ∫
a0(x, ξ)e
i〈x−y,ξ〉u(y)dy dξ =
∫
K0(x, y)u(x − y)dy,
with
K0(x, y) = 1
(2π)n
∫
a0(x, ξ)e
i〈y,ξ〉 dξ.
Lemma 3.1 gives us the estimate
∣∣K0(x, y)∣∣ 〈y〉−M,
for each M > n. Theorem 2.7 yields
∣∣Ta0(u)(x)∣∣
∫
〈y〉−M ∣∣u(x − y)∣∣dy Mu(x)Mpu(x), (3.3)
for all 1 p  2.
Now let us analyse Tak (u)(x) = 1(2π)n
∫
ak(x, ξ)uˆ(ξ)e
i〈x,ξ〉 dξ for k  1. We note, just as
before, that Tak (u)(x) can be written as
Tak (u)(x) =
∫
Kk(x, y)u(x − y)dy
with
Kk(x, y) = 1
(2π)n
∫
ak(x, ξ)e
i〈y,ξ〉 dξ = aˇk(x, y),
where aˇk here denotes the inverse Fourier transform of ak(x, ξ) with respect to ξ . One observes
that
∣∣Tak (u)(x)∣∣p =
∣∣∣∣
∫
Kk(x, y)u(x − y)dy
∣∣∣∣
p
=
∣∣∣∣
∫
Kk(x, y)σk(y)
1
σk(y)
u(x − y)dy
∣∣∣∣
p
,
with weight functions σk(y) which will be chosen momentarily. Therefore, Hölder’s inequality
yields
∣∣Tak (u)(x)∣∣p 
{∫ ∣∣Kk(x, y)∣∣p′ ∣∣σk(y)∣∣p′dy
} p
p′
{∫ |u(x − y)|p
|σk(y)|p dy
}
, (3.4)
where 1
p
+ 1
p′ = 1. Now for an l > np , we define σk by
σk(y) =
{
2
−kρn
p , |y| 2−kρ,
−kρ( n
p
−l) l −kρ2 |y| , |y| > 2 .
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have
∫
2
−kp′ρn
p
∣∣Kk(x, y)∣∣p′ dy  2 −kp′ρnp
{∫ ∣∣ak(x, ξ)∣∣p dξ
} p′
p
 2
−kp′ρn
p
{ ∫
|ξ |∼2k
2pmk dξ
} p′
p
 2kp
′(m− n
p
(ρ−1))
,
and
∫
2−kρp
′( n
p
−l)∣∣Kk(x, y)∣∣p′ |y|p′l dy  2−kρp′( np −l)
{∫ ∣∣∇ lξ ak(x, ξ)∣∣p dξ
} p′
p
 2−kρp
′( n
p
−l)
{ ∫
|ξ |∼2k
2kp(m−ρl) dξ
} p′
p
 2kp
′(m− n
p
(ρ−1))
.
Hence, splitting the integral into |y| 2−kρ and |y| > 2−kρ yields
{∫ ∣∣Kk(x, y)∣∣p′ ∣∣σk(y)∣∣p′ dy
} p
p′

{
2kp
′(m− n
p
(ρ−1))} p
p′ = 2kp(m− np (ρ−1)).
Furthermore, once again using Theorem 2.7, we have
∫ |u(x − y)|p dy
|σk(y)|p 
(
Mpu(x)
)p
with a constant that only depends on the dimension n. Thus (3.4) yields
∣∣Taku(x)∣∣p  2k(m− np (ρ−1))(Mpu(x))p. (3.5)
Summing in k using (3.3) and (3.5), we obtain
∣∣Tau(x)∣∣p  ∣∣a0(x,D)u(x)∣∣p + ∞∑
k=1
∣∣ak(x,D)u(x)∣∣p  (Mpu(x))p
(
1 +
∞∑
k=1
2k(m−
n
p
(ρ−1))
)
.
We observe that the series above converges if m < n
p
(ρ − 1). This ends the proof of the theo-
rem. 
For symbols in L∞Smρ which contain the oscillatory factor ξ → ei|ξ |1−ρ , one can improve the
L
p
w-boundedness result of Theorem 3.3 to all weights w ∈ Ap for m< n(ρ − 1).2
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1−ρ
σ (x, ξ), with 0 <
ρ < 1. For each 1 <p < ∞, one has the pointwise estimate
∣∣Ta(u)(x)∣∣M(Mu)(x) +Mpu(x), (3.6)
with a constant depending only on n, p, m, ρ and a finite number of the constants Cα in Defini-
tion 2.1. Consequently
∥∥Ta(u)∥∥Lqw  ‖u‖Lqw ,
for all 1 < q < ∞ and w ∈ Aq .
Proof. It is clear from Theorems 2.5 and 2.6 that the weighted Lp boundedness will follow
from (3.6). To prove this we will use the Littlewood–Paley partition of unity {ϕk}k of Section 2
just as we did above. Observe that we may choose {ϕk}k so that
ϕk(ξ) = ϕk(ξ)
(
ϕk−1(ξ)+ ϕk(ξ)+ ϕk+1(ξ)
)
, (3.7)
for all ξ ∈ Rn and each k  1. Now, again for k  0, we set ak(x, ξ) = a(x, ξ)ϕk(ξ). As in the
proof of Theorem 1.2 in [7], we can deal with the piece of the operator containing ϕ0(ξ) using a
result from [19]. For k  1, we compute
Tak (u)(x) =
∫ (∫
ak(x, ξ)e
iy·ξ dξ
)
u(x − y)dy =
∫
Kk(x, y)u(x − y)dy. (3.8)
Using (3.7), we can see
Kk(x, y) =
∫
ak(x, ξ)e
iy·ξ dξ =
∫
a(x, ξ)ϕk(ξ)e
iy·ξ dξ
=
∫
a(x, ξ)ϕk(ξ)
(
ϕk−1(ξ)+ ϕk(ξ)+ ϕk+1(ξ)
)
eiy·ξ dξ
= Tak(x,·)(ψk)(y),
where Tak(x,·) is the operator with the symbol ak(x, ξ) with x fixed (and hence is a multiplier)
and
(ϕk−1 + ϕk + ϕk+1)ˇ := 2nkψ
(
2k·) := ψk, (3.9)
for some function ψ in the Schwartz class.
Now the fact that Tak(x,·) is a multiplier operator, that multipliers are translation invariant, and
that T ∗ak(x,·) = Tak(x,·) enables us to write∫
Kk(x, y)u(x − y)dy =
∫
Tak(x,·)(ψk)(y)u(x − y)dy =
∫
ψk(y)Tak(x,·)(u)(x − y)dy.
Combining this with (3.8), we have
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∣∣∣∣
∫
ψk(y)Tak(x,·)(u)(x − y)dy
∣∣∣∣
∫ ∣∣ψk(y)∣∣∣∣Tak(x,·)(u)(x − y)∣∣dy.
We observe that |ψk| can be majorized by, say
∞∑
j=1
αj
(
2−kdj
)−n
χQkj
,
where, for each k and j , χQkj is the characteristic function of a cube Q
k
j centred at the origin with
diameter 2−kdj , and
∑
j |αj | < ∞. We are also free to assume dj  1 for all j . Therefore,
∣∣Tak (u)(x)∣∣
∞∑
j=1
αj
(
2−kdj
)−n ∫
Qkj
∣∣Tak(x,·)(u)(x − y)∣∣dy.
In what follows we omit the bar over ak for notational simplicity. Since ak and ak satisfy
the same symbol estimates, and since the proof is identical for ak replaced by ak , this shouldn’t
cause any confusion for the reader.
Now we consider two cases. First, suppose d := 21−kdj < 1/4. For such j and k we de-
compose u = uk,j1 + uk,j2 + uk,j3 , where uk,ji = uχk,ji and χk,j1 is the characteristic function of
{y | |x − y| 22−kdj }, χk,j2 is the characteristic function of {y | 22−kdj < |x − y| (21−kdj )ν},
and χk,j3 is the characteristic function of {y | |x − y| > (21−kdj )ν}. The number ν will be fixed
depending only on n, m, ρ and p (as we shall see below) and will be such that ν < ρ. We consider
(
2−kdj
)−n ∫
Qkj
∣∣Tak(x,·)(u)(x − y)∣∣dy = (2−kdj )−n
∫
Qkj
∣∣Tak(x,·)(uk,j1 )(x − y)∣∣dy
+ (2−kdj )−n
∫
Qkj
∣∣Tak(x,·)(uk,j2 )(x − y)∣∣dy
+ (2−kdj )−n
∫
Qkj
∣∣Tak(x,·)(uk,j3 )(x − y)∣∣dy
= J1 + J2 + J3.
We can estimate J1 using the L1 boundedness of multipliers of this form: Indeed, since
|∂αξ ak(·, ξ)| 2k(m−ρ|α|), following [18], if Kk(x, y) denotes the kernel of Tak(x,·) (recall again
that x is fixed here) then∫ ∣∣Kk(x, y)∣∣dy =
∫
|y|2−kρ
∣∣Kk(x, y)∣∣dy +
∫
|y|>2−kρ
∣∣Kk(x, y)∣∣dy := J1,1 + J1,2.
To estimate J1,1 we use the Cauchy–Schwarz inequality and the kernel estimates prior to the
proof of (3.5) for the case p = p′ = 2. Therefore
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{ ∫
|y|2−kρ
dy
} 1
2
{∫ ∣∣Kk(x, y)∣∣2 dy
} 1
2
 2k(m− n2 (ρ−1)).
To estimate J1,2 we use again the Cauchy–Schwarz inequality and once again the kernel esti-
mates prior to the proof of (3.5) for the case p = p′ = 2. This yields
J1,2 
{ ∫
|y|>2−kρ
|y|−2l dy
} 1
2
{∫ ∣∣Kk(x, y)∣∣2|y|2l dy
} 1
2
 2k(m− n2 (ρ−1)).
Thus, by Young’s inequality, the L1 norm of the multiplier Tak(x,·) has the size 2−εk where
ε = n2 (ρ − 1)−m, which in turn yields
J1 
(
2−kdj
)−n ∫ ∣∣Tak(x,·)(uk,j1 )(x − y)∣∣dy
 C2−εk
(
2−kdj
)−n ∫ ∣∣uk,j1 (x − y)∣∣dy
 C2−εkMu(x).
To estimate J3 we use Lemma 3.1 with l so large that n2 (1 − ρ)  n(1 − ν) + l(ν − ρ) to
obtain the estimate
∣∣Kk(x, z)∣∣ C2k(n+m−ρl)|z|−l (3.10)
and so conclude, for any y ∈ Qkj ,
∣∣Tak(x,·)(uk,j3 )(x − y)∣∣=
∣∣∣∣
∫
Kk(x, z)u
k,j
3 (x − y − z) dz
∣∣∣∣
 C2k(n+m−ρl)
∫
|y+z|>(21−kdj )ν
|z|−l∣∣u(x − y − z)∣∣dz
 C2k(n+m−ρl)
∫
|z|>(2ν−1)2−kνdνj
|z|−l∣∣u(x − y − z)∣∣dz
 C2k(n+m−ρl)
((
2ν − 1)2−kνdνj )(n−l)Mu(x − y)
 C2k(n+m−ρl)
(
2−kν
)(n−l)
Mu(x − y)
 C2−εkMu(x − y)
since dj  1 and 21−kdj < 1/4, so |z| |y + z| − |y| > (21−kdj )ν − 2−kdj  (2ν − 1)2−kνdνj .
Consequently,
J3  C2−εkM(Mu)(x).
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of [7]. We observe that we may write ak(x, ξ) = 2−εkbk(x, ξ) where bk(x, ξ) = ei|ξ |1−ρ τk(x, ξ)
and τk ∈ L∞S
n
2 (ρ−1)
1 , with constants Cα independent of k. Suppressing the indices j and k, we
further partition the function uk,j2 =
∑γ0
γ=2 gγ , with gγ supported in {y | 2γ−1d < |y−x| 2γ d}
and 2γ0d ∼ dν , where d = 21−kdj . We obtain, then, the estimate analogous to (3.1) in [7]:
J2  C2−εkMu(x)+ 2−εk
γ0∑
γ=2
d−n
∫
Qkj
∣∣Sγ (gγ )(y)∣∣dy
where Sγ is defined as follows. Let δ = n(1 + ρ)( 1p − 12 ) and set
ηγ (ξ) = η
([
(1 − ρ)/(2γ d)]−1/ρξ)
where η is radial, smooth and such that
η(ξ) =
⎧⎨
⎩
0, if |ξ | < (1/8)1/ρ,
1, if (1/7)1/ρ < |ξ | < 301/ρ,
0, if |ξ | > 401/ρ.
Let θ be a smooth cut-off function which is equal to one near infinity and zero near the origin,
then define Sγ as
Sγ (u)(y) =
∫
Rn
ei(y·ξ+|ξ |1−ρ) θ(ξ)τk(x, ξ)|ξ |δ |ξ |
n(1−ρ)/2ηγ (ξ)|ξ |δ+n(ρ−1)/2uˆ(ξ) dξ.
Following the reasoning of [7], we obtain for fixed x that
∥∥Sγ (gγ )∥∥Lp′  C(2γ d)−(δ+ n2 (ρ−1))/ρ‖gγ ‖Lp  C(2γ d)−(δ+ n2 (ρ−1))/ρ+n/pMpu(x).
Therefore, observing that −(δ + n2 (ρ − 1))/ρ + n/p = n/(ρp′), we have
γ0∑
γ=2
d−n
∫
Qkj
∣∣Sγ (gγ )(y)∣∣dy  Cd−n/p′Mpu(x) γ0∑
γ=2
(
2γ d
)n/(ρp′)
= Cdn( νρ −1)/p′Mpu(x).
So we choose ν so that n(1 − ν
ρ
)/p′ = ε/2, and then
2−εkdn(
ν
ρ
−1)/p′ = 2−εk/2d−ε/2j  2−εk/2
and
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Now consider the case d  1/4. We decompose u = uk,j1 + (u − uk,j1 ), where uk,j1 is defined
as before. We have
(
2−kdj
)−n ∫
Qkj
∣∣Tak(x,·)(u)(x − y)∣∣dy = (2−kdj )−n
∫
Qkj
∣∣Tak(x,·)(uk,j1 )(x − y)∣∣dy
+ (2−kdj )−n
∫
Qkj
∣∣Tak(x,·)(u− uk,j1 )(x − y)∣∣dy
= L1 +L2.
The term L1 is identical to J1, and in fact the same analysis works for d  1/4 as did for d < 1/4.
For L2, by (3.10) with l sufficiently large, we see that, for y ∈ Qkj ,
∣∣Tak(x,·)(u− uk,j1 )(x − y)∣∣=
∣∣∣∣
∫
Kk(x, z)
(
u− uk,j1
)
(x − y − z) dz
∣∣∣∣
 C2k(n+m−ρl)
∫
|y+z|>22−kdj
|z|−l∣∣u(x − y − z)∣∣dz
 C2k(n+m−ρl)
∫
|y+z|>22−kdj
|y + z|−l∣∣u(x − y − z)∣∣dz
 C2k(n+m−ρl)Mu(x)
 C2−εkMu(x),
so, L2  C2−εkMu(x).
Collecting all these estimates together, we find
∣∣Ta(u)(x)∣∣ ∞∑
k=0
∣∣Tak (u)(x)∣∣
M(u)(x)+
∑
d<1/4
αj (J1 + J2 + J3)+
∑
d1/4
αj (L1 +L2)
Mu(x)+
∞∑
k=1
∞∑
j=1
αj
(
2−εkM(Mu)(x) + 2−εk/2Mpu(x)
)

(
M(Mu)(x) +Mpu(x)
)
,
which proves (3.6). 
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to prove the weighted Lp boundedness of the corresponding operators at the end-point m =
n(ρ − 1)/2. We now define this class precisely.
Definition 3.5. The class L∞Smcl consists of symbols which are bounded and measurable in the
spatial variable and satisfy
(1) ‖∂αξ a(·, ξ)‖L∞  cα〈ξ 〉m−|α|, for each multi-index α.
(2) a(x, tξ) = tma(x, ξ), t  1, |ξ | 1.
Now we are ready to state and prove our boundedness result for a sub-class of operators in
L∞Sn(ρ−1)/2ρ .
Theorem 3.6. Let σ ∈ L∞Sn(ρ−1)/2cl and set a(x, ξ) = ei|ξ |
1−ρ
σ (x, ξ), with 0 < ρ  1. Then for
each 1 <p < ∞ and each w ∈ Ap , the operator Ta is bounded from Lpw to itself.
Proof. Let us introduce a radial cut-off function θ(ξ) which is smooth and equal to one for
|ξ | 1 and zero for |ξ | 12 . Then once again following the reasoning in the proof of Theorem 1.2
in [7], which in turn relies on [19], yields that the “low frequency” portion of Ta given by
Ta1u(x) =
1
(2π)n
∫
ei|ξ |1−ρ σ (x, ξ)ei〈x,ξ〉
(
1 − θ(ξ))uˆ(ξ) dξ
is bounded on Lpw . So, it is enough to only consider the operator
Ta2u(x) =
1
(2π)n
∫
ei|ξ |1−ρ σ (x, ξ)ei〈x,ξ〉θ(ξ)uˆ(ξ) dξ.
For this operator we separate the spatial and frequency variables of the symbol a(x, ξ) using
spherical harmonics [9]. Namely let {wk}, k  1 be an orthogonal basis for L2(Sn−1) consisting
of eigenfunctions of the Laplacian S on the sphere Sn−1. We decompose
σ(x, ξ)ei|ξ |1−ρ θ(ξ)
= σ0(x, ξ)ei|ξ |1−ρ θ(ξ)+
∑
k
fk(x)|ξ | n2 (ρ−1)ei|ξ |1−ρ θ(ξ)wk
(
ξ
|ξ |
)(
1 − χ(ξ)),
with χ(ξ) ∈ C∞0 , χ(ξ) = 1 for |ξ | 14 and σ0(x, ξ) supported in |ξ | 12 . Furthermore ‖fk‖L∞ 
CN 〈k〉−N , for all N > 0. For σ0(x, ξ) one has σ0(x, ξ)ei|ξ |1−ρ θ(ξ) = 0 because of the disjoint
supports of σ0 and θ , therefore we have
Ta2u(x) =
∑
k
fk(x)
∫
|ξ | n2 (ρ−1)ei|ξ |1−ρ θ(ξ)wk
(
ξ
|ξ |
)(
1 − χ(ξ))ei〈x,ξ〉uˆ(ξ) dξ
=:
∑
fk(x)Uk(D)u(x).k
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Sk(D)u(x) :=
∫
wk
(
ξ
|ξ |
)(
1 − χ(ξ))ei〈x,ξ〉uˆ(ξ) dξ
and
T (D)u(x) :=
∫
|ξ | n2 (ρ−1)ei|ξ |1−ρ θ(ξ)ei〈x,ξ〉uˆ(ξ) dξ.
Now since wk( ξ|ξ | )(1 − χ(ξ)) ∈ S01,0, a result of N. Miller [20] concerning weighted Lp bound-
edness of operators with symbols in S01,0 yields∥∥Uk(D)u∥∥Lpw  ∥∥T (D)u∥∥Lpw ,
where the constants of the inequality only depend on finite number of derivatives of wk( ξ|ξ | )(1 −
χ(ξ)), and are of polynomial growth in k. Furthermore, a result of S. Chanillo concerning
weighted Lp boundedness of strongly singular integral operators of Hirschman–Wainger type
[5], yields ‖T (D)u‖Lpw  ‖u‖Lpw from which it follows that ‖Uk(D)u‖Lpw  ‖u‖Lpw with poly-
nomial bounds in k and hence summing in k and using the fact that ‖fk‖L∞  CN 〈k〉−N , for all
N > 0 yields
‖Ta2u‖Lpw  ‖u‖Lpw ,
which concludes the proof of the theorem. 
Now we turn to the problem of weighted boundedness of operators arising from amplitudes.
To this end we have the following result, which is sharp modulo the end-point m = n(ρ − 1).
Theorem 3.7. Suppose 0 ρ  1, m< n(ρ − 1) and a ∈ L∞Amρ , then, for each p > 1, we have∣∣Tau(x)∣∣Mpu(x),
and consequently
‖Tau‖Lpw  ‖u‖Lpw .
Proof. The weighted norm inequality follows from the pointwise estimate by Theorems 2.5
and 2.6.
Let K(x,y, z) := 1
(2π)n
∫
a(x, y, ξ)ei〈z,ξ〉 dξ , then we have
Tau(x) =
∫
|x−y|1
K(x,y, x − y)u(y) dy +
∫
|x−y|>1
K(x,y, x − y)u(y) dy = I + II.
However since m < n(ρ − 1), we also know from estimate (3.2) that |K(x,y, x − y)| C|x −
y|−N for sufficiently large N and |x − y| 1. So II can be easily majorized by M(u)(x).
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we did in Theorem 3.4. Using that partition of unity and setting
Kk(x, y, z) := 1
(2π)n
∫
ak(x, y, ξ)e
i〈z,ξ〉 dξ
yields
I =
∞∑
k=0
∫
|x−y|1
Kk(x, y, x − y)u(y) dy =
∞∑
k=0
Ik.
Now once again for k = 0 we observe that |K0(x, y, x−y)| 〈x−y〉−N for all N > 0, hence
|I0|Mu(x).
If we consider an individual term with k  1, we have
|Ik| =
∣∣∣∣
∫
|x−y|1
Kk(x, y, x − y)u(y) dy
∣∣∣∣
=
∣∣∣∣
∫
|x−y|1
Kk(x, y, x − y)
∣∣b(x − y)∣∣r 1|b(x − y)|r u(y) dy
∣∣∣∣,
where b and r are parameters to be chosen later. Therefore, Hölder’s inequality yields
|Ik|
{ ∫
|x−y|1
∣∣Kk(x, y, x − y)∣∣p′ ∣∣b(x − y)∣∣rp′ dy
} 1
p′
{ ∫
|x−y|1
|u(y)|p
|b(x − y)|rp dy
} 1
p
.
By Theorem 2.7, for r < n
p
, we have
{ ∫
|x−y|1
|u(y)|p
|b(x − y)|rp dy
} 1
p
 Cb−rMpu(x),
therefore
|Ik| C
{∫ ∣∣Kk(x, x − z, z)∣∣p′ |bz|rp′ dz
} 1
p′
b−rMpu(x). (3.11)
Considering the remaining integral, setting σxk (z, ξ) := ak(x, x − z, ξ) and using (3.9) we
have
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∫
ak(x, x − z, ξ)eiz·ξ dξ
=
∫
σxk (z, ξ)e
iz·ξ dξ
=
∫
σxk (z, ξ)
(
φk−1(ξ)+ φk(ξ)+ φk+1(ξ)
)
eiz·ξ dξ
=
∫
σxk (z, ξ)ψˆk(ξ)e
iz·ξ dξ = Tσxk (ψk)(z).
Therefore, taking b = 2k ,
{∫ ∣∣Kk(x, x − z, z)∣∣p′ |bz|rp′ dy
} 1
p′ =
{∫ ∣∣Tσxk (ψk)(z)∣∣p′ ∣∣2kz∣∣rp′ dz
} 1
p′
.
Now we observe that since x is fixed, σxk belongs to the symbol class L∞Smρ with semi-norms that
are uniform in x. Furthermore, the weight z → |z|rp′ is in Ap′ if and only if −n/p′ < r < n/p.
Now since p′ > 2, we may apply (3.5) with the p in that estimate taken equal to 1, and use
Theorem 2.6 to obtain
{∫ ∣∣Tσxk (ψk)(z)∣∣p′ ∣∣2kz∣∣rp′ dz
} 1
p′
 C2k(m−n(ρ−1))
{∫ ∣∣M(ψk)(z)∣∣p′ ∣∣2kz∣∣rp′ dz
} 1
p′
 C2k(m−n(ρ−1))
{∫ ∣∣ψk(z)∣∣p′ ∣∣2kz∣∣rp′ dz
} 1
p′
= C2k(m−n(ρ−1)+n/p). (3.12)
Combining this with (3.11) we obtain
|Ik| C2k(m−n(ρ−1)−(r−n/p))Mp(u)(x).
Therefore choosing r such that r − n/p = (m − n(ρ − 1))/2 and summing in k proves the
theorem. 
Theorem 3.7 is sharp in m up to the end-point n(ρ − 1). Indeed, suppose operators in
OPL∞Amρ were bounded on Lp for some p and m > n(ρ − 1). Since taking the adjoint of an
operator in OPL∞Amρ gives an operator which is also in OPL∞Amρ , such operators would also
be bounded on Lp′ . By interpolation they would be bounded on L2. But this would contradict
Theorem 3 in [15] as Amρ,1 ⊂ L∞Amρ .
We also have a generalization of the result in Theorem 3.4 to the settings of amplitudes.
Corollary 3.8. Let a(x, y, ξ) = ei|ξ |1−ρ σ (x, y, ξ) with 0 < ρ  1 and assume that σ(x, y, ξ) ∈
L∞Am with m< n(ρ − 1), then Ta is bounded on Lpw , for all p ∈ (1,∞) and w ∈ Ap.1 2
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we first observe that in the proof of Theorem 3.4 we have, in fact, proved for the Littlewood–
Paley pieces that
∣∣Tak (u)(x)∣∣ 2−εkM(Mu)(x) + 2−εk/2Mpu(x),
so Theorem 2.6 gives us the estimate
∥∥Tak (u)∥∥Lpw  2−εk/2‖u‖Lpw (3.13)
for 1 < p < ∞ and w ∈ Ap . Now we may repeat the proof of Theorem 3.7, the bound (3.13)
enabling us to prove an analogue of (3.12). We leave the details to the interested reader. 
We now prove an interpolation result that will allow us to extend some of our previous results
when we also assume the amplitudes are smooth.
Lemma 3.9. Let 0 ρ  1, 0 δ  1, 1 <p < ∞ and m1 <m2. Suppose that
(a) operators in OPAm1ρ,δ (or OPL∞Am1ρ ) are bounded on Lpw for a fixed w ∈ Ap , and
(b) operators in OPAm2ρ,δ (or OPL∞Am2ρ ) are bounded on Lp ,
where the bounds depend only on a finite number of Cα,β,γ (or Cα) in Definition 2.1. Then, for
each m ∈ (m1,m2), operators in OPAmρ,δ (or OPL∞Amρ ) are bounded on Lpμ, where μ = wν and
ν = m2 −m
m2 −m1 .
Proof. For a ∈ Amρ,δ (or a ∈ L∞Amρ ) we introduce a family of symbols az(x, y, ξ) :=〈ξ 〉za(x, y, ξ), where z ∈ Ω := {z ∈ C; m1 − m  Re z  m2 − m}. It is easy to see that, for
|α + β| C1 with C1 large enough and z ∈ Ω ,
∣∣∂αξ ∂βx ∂γy az(x, y, ξ)∣∣ (1 + | Im z|)C2〈ξ 〉Re z+m−ρ|α|+δ|β+γ |,
for some C2. (We only require β = γ = 0 if a ∈ L∞Amρ .)
We introduce the operator
Tzu := w
m2−m−z
p(m2−m1) Taz
(
w
− m2−m−z
p(m2−m1) u
)
.
First we consider the case of p ∈ [1,2]. In this case, Ap ⊂ A2 which in turn implies that both
w
1
p and w
−1
p belong to Lploc and therefore for z ∈ Ω , Tz is an analytic family of operators in the
sense of Stein and Weiss [24].
Now we claim that for z1 ∈ C with Re z1 = m1 − m, the operator (1 + | Im z1|)−C2Taz1
is bounded on Lpw with bounds uniform in z1. Indeed the amplitude of this operator is
(1 + | Im z1|)−C2az1(x, y, ξ) which belongs to Am1ρ,δ (or L∞Am1ρ ) with constants uniform in z1.
Thus, the claim follows from assumption (a).
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‖Tz1u‖pLp =
(
1 + | Im z1|
)pC2∥∥(1 + | Im z1|)−C2w m2−m−z1p(m2−m1) Taz1 (w− m2−m−z1p(m2−m1) u)∥∥pLp

(
1 + | Im z1|
)pC2∥∥w− m2−m−z1p(m2−m1) u∥∥p
L
p
w
= (1 + | Im z1|)pC2‖u‖pLp ,
where we have used the fact that |w
m2−m−z1
(m2−m1) u| = w.
Similarly if z2 ∈ C with Re z2 = m2 −m, then |w
m2−m−z2
(m2−m1) u| = 1 and the amplitude of the oper-
ator (1+| Im z2|)−C2Taz2 belongs to A
m2
ρ,δ (or L∞Am2ρ ) with constants uniform in z2. Assumption
(b) therefore implies that
‖Tz2u‖pLp 
(
1 + | Im z2|
)pC2‖u‖pLp .
Therefore the complex interpolation of operators in [4] implies that for z = 0 we have
‖T0u‖pLp =
∥∥w m2−mp(m2−m1) Ta(w− m2−mp(m2−m1) u)∥∥pLp  C‖u‖pLp .
Hence, setting v = w−
m2−m
p(m2−m1) u this reads
∥∥Ta(v)∥∥pLpμ  C‖u‖pLpμ,
where μ = wν and ν = (m2 −m)/(m2 −m1). This ends the proof in the case 1 p  2.
At this point we recall the fact that if a linear operator T is bounded on Lpw , then its adjoint T ∗
is bounded on Lp
′
w1−p′ . Therefore, in the case p > 2, we apply the above proof to Ta∗ , with
p′ ∈ [1,2) and v = w1−p′ , which yields that Ta∗ is bounded on Lp
′
vν and since w ∈ Ap , we have
v ∈ Ap′ and so Ta is bounded on Lpv(1−p)ν = L
p
w(1−p′)(1−p)ν = L
p
μ, which concludes the proof of
the theorem. 
For smooth amplitudes we can use Lemma 3.9 to show the following end-point versions of
Theorems 3.7 and 3.3.
Theorem 3.10. If a ∈ An(ρ−1)ρ,δ with 0 < ρ  1, 0 δ < 1, then for all 1 <p < ∞ and all w ∈ Ap ,
the corresponding pseudodifferential operator Ta is bounded on Lpw . If a ∈ Sn(ρ−1)/2ρ,δ with 0 <
ρ < 1, 0 δ < 1, then for all 2 p < ∞ and all w ∈ Ap/2, the corresponding pseudodifferential
operator Ta is bounded on Lpw .
Proof. We begin by proving the first statement for 0 < ρ < 1. By the Extrapolation Theorem
of J. Rubio De Francia (see [12]) it is sufficient to show the boundedness of Ta on L2w spaces
for each w ∈ A2, with constants depending only on [w]A2 . Fix m2 such that n(ρ − 1) < m2 <
min{0, n(ρ − δ)}. By Theorem 2.5, given w ∈ A2 we can find ε > 0 so that w1+ε ∈ A2. For
4204 N. Michalowski et al. / Journal of Functional Analysis 258 (2010) 4183–4209this ε take m1 < n(ρ − 1) in such a way that the straight line L that joins points with coordi-
nates (m1,1 + ε) and (m2,0), passes through the point (n(ρ − 1),1). Clearly this is possible due
to the fact that we can choose the point m1 as close as we like to n(ρ − 1).
By Theorem 3.7, OPAm1ρ,δ are bounded operators on L2w1+ε for w ∈ A2 and, by Theorem 2.8(a),
OPAm2ρ,δ are bounded on L2. Therefore, by Lemma 3.9, OPA
n(ρ−1)
ρ,δ are bounded operators on L2w .
In the case a ∈ A01,δ , one just uses the fact that Ta = Ta0 + Ta1 , where Taj , j = 0,1, are
pseudodifferential operators belonging to OPS−j (1−δ)1,δ . Now a straightforward modification of
the proof of the weighted boundedness of operators in OPS01,0 in [20], yields that Taj are both
bounded on Lpw for w ∈ Ap , and therefore the same is true for Ta .
The proof of the second statement is similar. By the extrapolation theorem of P. Auscher and
J.M. Martell (see [3, Thm. 4.9]) it is sufficient to show the boundedness of Ta on L2w spaces
for each w ∈ A1, with constants depending only on [w]A1 . We now repeat the argument above
with n(ρ − 1)/2 instead of n(ρ − 1), n(ρ − δ)/2 instead of n(ρ − δ), and Theorem 3.3 and
Theorem 2.8(b) replacing Theorem 3.7 and 2.8(a), respectively. 
In connection to Theorem 3.10, it should be mentioned that the second part is the extension
of the result in [7] to the case of δ  ρ. The first part of the theorem extends the weighted Lp
boundedness of Ta ∈ OPSn(ρ−1)ρ,δ proved in [2] for the range 0 < ρ  12 to the range 0 < ρ  1.
However, for symbols we can extend the first part of the theorem to ρ = 0. Indeed, Theorem 3.7
yields the L2
w1+ε boundedness of operators with symbols in S
m
0,δ with m < −n. Furthermore
by Theorem 3.2, operators with symbols in Sm0,δ with m <
−n
2 are bounded on L
2
. Hence, an
interpolation procedure as above yields the boundedness in Lpw of operators in OPSn(ρ−1)ρ,δ for
0 ρ < 1, 0 δ < 1.
We also mention in passing that the first part of the above theorem yields in particular a sharp
weighted boundedness result for the Weyl quantization of symbols.
Also using Lemma 3.9, we can extend the range of m at the price of obtaining boundedness
for fewer weights.
Theorem 3.11. Let 1 < q < ∞, 0 < ρ < 1, 0 δ < 1 and suppose either:
(a) a ∈ Amρ,δ and m< n(ρ − 1)| 1q − 12 | + min{0, n(ρ − δ)}; or
(b) a ∈ Smρ,δ and m< n(ρ − 1)| 1q − 12 | + min{0, n(ρ − δ)/2}.
Then, for all w ∈ Aq , there exists α ∈ (0,1), depending on m, ρ, δ, q and [w]Ap , such that, for
all ε ∈ [0, α], Ta is bounded on Lqwε .
Proof. If m< n(ρ−1), then, by Theorem 3.7, there is nothing to prove, so assume m> n(ρ−1).
First assuming (a) we fix m2 such that m<m2 < n(ρ − 1)| 1q − 12 | + min{0, n(ρ − δ)} and m1 <
n(ρ −1). Then since OPAm1ρ,δ are a bounded operators on Lpw for all w ∈ Ap by Theorem 3.7, and
OPAm2ρ,δ are bounded on Lp , by Theorem 2.8(a). We see that all the assumptions of Lemma 3.9
are fulfilled and therefore we obtain the desired result.
The proof under assumption (b) is the same, except we replace Theorem 2.8(a) by Theo-
rem 2.8(b). 
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In this section we show how our weighted norm inequalities can be used to derive the Lp
boundedness of commutators of functions of bounded mean oscillation with a wide range of
pseudodifferential operators. We start with the precise definition of a function of bounded mean
oscillation.
Definition 4.1. A locally integrable function u is of bounded mean oscillation if
‖f ‖BMO := sup
B
1
|B|
∫
B
∣∣f (x)− fB ∣∣dx < ∞, (4.1)
where the supremum is taken over all balls in Rn. We denote the set of such functions by BMO.
For u ∈ BMO it is well known that er|u(x)| is locally integrable for r < 1. This is a consequence
of the John–Nirenberg theorem, see, for example, [13, p. 524]. Furthermore, for all γ < 12ne , there
exits a constant Cn,γ so that for u ∈ BMO and all balls B ,
1
|B|
∫
B
eγ |u(x)−uB |/‖u‖BMO dx  Cn,γ . (4.2)
For this see [13, p. 528].
The following abstract lemma will enable us to prove the Lp boundedness of the BMO com-
mutators of pseudodifferential operators.
Lemma 4.2. For 1 <p < ∞, let T be a linear operator which is bounded on Lpwα for all w ∈ Ap
for some fixed α ∈ (0,1]. Then given a function f ∈ BMO, if Φ(z) := ∫ ezf (x)T (e−zf (x)u)(x)×
v(x) dx is holomorphic in a disc |z| < λ, then the commutator [f,T ] is bounded on Lp .
Proof. Without loss of generality we can assume that ‖f ‖BMO = 1. We take u and v in C∞0
with ‖u‖Lp  1 and ‖v‖Lp′  1, and an application of Hölder’s inequality to the holomorphic
function Φ(z) together with the assumption on v yield
∣∣Φ(z)∣∣p  ∫ epRe zf (x)∣∣T (e−zf (x)u)∣∣p dx.
Our first goal is to show that the function Φ(z) defined above is bounded on a disc with centre
at the origin and sufficiently small radius. At this point we recall a lemma due to Chanillo [6]
which states that if ‖f ‖BMO = 1, then for 2 < s < ∞, there is an r0 depending on s such that for
all r ∈ [−r0, r0], erf (x) ∈ As2 .
Taking s = 2p in Chanillo’s lemma, we see that there is some r1 depending on p such that
for |r| < r1, erf (x) ∈ Ap . Then we claim that if R := min(λ, αr1p ) and |z| < R then |Φ(z)|  1.
Indeed since R < αr1
p
we have |Re z| < αr1
p
and therefore |p Re z
α
| < r1. Therefore Chanillo’s
lemma yields that for |z| < R, w := e p Re zα f (x) ∈ Ap and since epRe zf (x) = wα , the assumption
of weighted boundedness of T and the Lp bound on u, imply that for |z| <R
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
∫
wα
∣∣e−zf (x)u∣∣p dx = ∫ wαw−α|u|p dx  1,
and therefore |Φ(z)| 1 for |z| <R.
Finally, using the holomorphicity of Φ(z) in the disc |z| < R, Cauchy’s integral formula
applied to the circle |z| = R′ <R, and the estimate |Φ(z)| 1, we conclude that
∣∣Φ ′(0)∣∣ 1
2π
∫
|z|=R′
|Φ(ζ)|
|ζ 2| |dζ | 1.
By construction of Φ(z), we actually have that Φ ′(0) = ∫ v(x)[f,T ]u(x)dx and the defini-
tion of the Lp norm of the operator [f,T ] together with the assumptions on u and v yield at once
that [f,T ] is a bounded operator from Lp to itself for p. 
The following lemma guarantees the holomorphicity of Φ(z) := ∫ ezf (x)T (e−zf (x)u)(x)×
v(x) dx, when T is a bounded pseudo-pseudodifferential operator.
Lemma 4.3. Let Ta ∈ OPL∞Amρ,δ be an L2 bounded operator. Given f ∈ BMO with ‖f ‖BMO = 1
and u and v in C∞0 , there exists λ > 0 such that the function Φ(z) :=
∫
ezf (x)Ta(e
−zf (x)u)(x)×
v(x) dx is holomorphic in the disc |z| < λ.
Proof. By the definition of pseudo-pseudodifferential operators above Definition 2.2 as the op-
erator limit of the partial sums of the Littlewood–Paley pieces,
∑N
k=0 Tak := TN , it follows that
for all g ∈ L2
lim
N→∞‖TNg − Tag‖L2 = 0. (4.3)
Now recall the fact mentioned in the beginning of this section concerning functions f ∈
BMO, namely the local integrability of er|f (x)| for r < 1. This means er|f | ∈ L2loc if r < 12 ,
and hence for u ∈ C∞0 and |z| < 12 , one has ue±zf ∈ L2. Now, if we define ΦN(z) =∫
v(x)ezf (x)TN(e
−zf (x)u)(x) dx, then since the integral defining ΦN is absolutely convergent
and its integrand is holomorphic in z for |z| < 1, it follows that ΦN is a holomorphic function in
|z| < 1. Now we claim that for γ as in (4.2),
lim
N→∞ sup|z|<γ2
∣∣ΦN(z) −Φ(z)∣∣= 0.
Indeed, since γ2 <
1
2 , for |z| < γ2 ,
∣∣ΦN(z) −Φ(z)∣∣=
∣∣∣∣
∫
v(x)ezf (x)(TN − Ta)
(
e−zf u
)
(x) dx
∣∣∣∣

∥∥vezf ∥∥ 2∥∥(TN − Ta)(ue−zf )∥∥ 2L L
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{ ∫
suppv
e2 Re zf (x) dx
} 1
2 ∥∥(TN − Ta)(ue−zf )∥∥L2 .
Using the assumption ‖f ‖BMO = 1 and (4.2), it follows that for any compact set K ,∫
K
e±2 Re zf (x) dx  Cγ (K), for |z| < γ2 . Therefore, (4.3) yields
lim
N→∞ sup|z|<γ2
∣∣ΦN(z)−Φ(z)∣∣= 0
and hence Φ(z) is a holomorphic function in |z| < γ2 . 
Lemmas 4.2 and 4.3 yield our main result concerning commutators with BMO functions,
namely
Theorem 4.4. Suppose either:
(a) a ∈ Amρ,δ , 0 < ρ  1, 0 δ < 1 and m< n(ρ − 1)| 1q − 12 | + min{0, n(ρ − δ)}; or
(b) a ∈ Smρ,δ , 0 < ρ  1, 0 δ < 1 and m< n(ρ − 1)| 1q − 12 | + min{0, n(ρ − δ)/2}.
Then, for f ∈ BMO, the commutator [f,Ta] is bounded on Lq .
If
(c) a ∈ L∞Smρ with 0 ρ  1 and m< np (ρ − 1) with p ∈ [1,2],
then, for f ∈ BMO, the commutator [f,Ta] is bounded on Lq for all q ∈ (p,∞).
Proof. (a) By Theorem 3.11 part (a), there is an α ∈ (0,1) for which Ta ∈ OPAmρ,δ with m <
n(ρ − 1)( 1
q
− 12 )+ min{0, n(ρ − δ)} is Lqwα -bounded. Furthermore if we define the function
Φ(z) :=
∫
ezf (x)Ta
(
e−zf (x)u
)
(x)v(x) dx
then Lemma 4.3 yields that Φ(z) is a holomorphic function in a disc around the origin. So an
application of Lemma 4.2 with T = Ta yields that the commutator [f,Ta] is a bounded operator
from Lp to itself.
(b) We repeat the argument above, but with (a) from Theorem 3.11 replaced by (b).
(c) If a ∈ L∞Smρ with 0  ρ  1, m < np (ρ − 1), then by Theorem 3.3 we know Ta is
bounded on Lqw for w ∈ Aq/p . But for α > 0 sufficiently small, it follows from Definition 2.4
that wε ∈ Aq/p when w ∈ Aq and 0  ε  α. Therefore, from Lemma 4.2, we conclude that
‖[f,a(x,D)]u‖Lp  ‖u‖Lp . 
Theorem 4.5. Suppose either:
(a) a ∈ L∞Amρ with m< n(ρ − 1) and 0 ρ  1; or
(b) a(x, y, ξ) = ei|ξ |1−ρ σ (x, y, ξ) and σ ∈ L∞Am with 0 < ρ  1 and m< n(ρ − 1); or1 2
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(d) a(x, ξ) = ei|ξ |1−ρ σ (x, ξ) and σ ∈ L∞S
n
2 (ρ−1)
cl with 0 < ρ  1.
Then, for f ∈ BMO and k a positive integer, the k-th commutator defined by
Ta,f,ku(x) := Ta
((
f (x)− f (·))ku)(x)
is bounded on Lqw for each w ∈ Aq and q ∈ (1,∞).
Proof. The claims follow from Theorem 2.13 in [1], and Theorem 3.7, Corollary 3.8, The-
orem 3.10 and Theorem 3.6, respectively. Once again, part (c) of the theorem establishes in
particular the boundedness of the commutator of a BMO function and the Weyl quantization of
symbols. 
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